Abstract. We study several field invariants arising in quadratic form theory. Some of the invariants considered are of particular interest in the study of real fields, including the length, the u-invariant, and the (reduced) stability index. In this context we give a systematic account of valuation theoretic arguments that lead to lower bounds for these invariants.
Introduction
This article studies the interplay between valuations and certain field invariants related to quadratic forms, with a special focus on phenomena that occur over (formally) real fields. The invariants considered include the u-invariant, the length, the stability index, and two further invariants related to the vanishing of certain ideals in the Witt ring of a field. One of our aims is to systematize the presentation of the usage of valuations to obtain lower bounds on these invariants.
We assume that the reader is familiar with the basic theory of quadratic forms over fields, for which we refer to [20] . By a 'form' or a 'quadratic form' we mean a regular quadratic form. We identify quadratic forms up to isometry and use the equality sign to indicate that two quadratic forms are isometric.
Let K always be a field of characteristic different from 2. We denote by K × the multiplicative group of K, by K ×2 the subgroup of nonzero squares in K, and by K 2 the subgroup of nonzero sums of squares in K. By the Artin-Schreier Criterion (cf. [20, Chap. VIII, Sect. 1]) K admits a field ordering if and only if −1 / ∈ K 2 ; in this case the field K is called (formally) real, otherwise nonreal. By N we denote the natural numbers including 0. For n ∈ N and a 1 , . . . , a n ∈ K × , we write a 1 , . . . , a n for the quadratic form 1, −a 1 ⊗ · · · ⊗ 1, −a n over K and call this an n-fold Pfister form. Given a form ϕ over K, we denote by D K (ϕ) the set of nonzero elements of K represented by ϕ and, for n ∈ N, by n × ϕ the n-fold sum ϕ ⊥ . . . ⊥ ϕ. If ϕ = a 1 , . . . , a n for a 1 , . . . , a n ∈ K × , we simply write D K a 1 , . . . , a n for D K (ϕ). If D K (ϕ) ⊆ K 2 , then ϕ is said to be totally positive, and if D K (ϕ) = K 2 , then we say that ϕ is positive-universal. We say Date: June 13, 2011.
1 that ϕ is torsion if n × ϕ is hyperbolic for some integer n ≥ 1. We denote the Witt equivalence class of the form ϕ by [ϕ] . We use the standard conventions for calculations involving ∞. For N ⊆ N we denote by inf N the infimum and by sup N the supremum of N, each taken in N ∪ {∞}. In particular sup ∅ = 0, inf ∅ = ∞, and sup N = ∞.
The length, the u-invariant and pythagoras number of K are defined by ℓ(K) = inf n ∈ N any totally positive form over K of dimension n is positive-universal , u(K) = sup {dim(ϕ) | ϕ is an anisotropic torsion form over K} , p(K) = inf {n ∈ N | any element of K 2 is a sum of n squares in K} .
Whenever K is nonreal, then every quadratic form over K is totally positive and torsion so that ℓ(K) = u(K). For an overview on known results on these invariants, we refer to [25, Chap. 8] and [20, Chap. XI, Sect. 6] for the u-invariant, and further to [5] for the length.
The other invariants that we consider are intrinsically related to the powers of the fundamental ideal and related torsion ideals in the Witt ring. We denote by W K the Witt ring of K, by IK the fundamental ideal in W K, and by I t K the torsion part of IK. Let n ≥ 1. We write I n K = (IK) n and I n t K = I n K ∩ I t K. If K is nonreal, then I n t K = (I t K) n = I n K. In general, we have that (I t K) n ⊆ I n t K. For a real field K, one may want to compare the ideals (I t K) n and I n t K, and in particular the conditions that (I t K) n = 0 and that I n t K = 0. To this aim it is very useful to know that both ideals are generated by n-fold Pfister forms of a particular shape. It is easy to see that the ideal I n K is generated as a group by the Witt equivalence classes of n-fold Pfister forms over K and that (I t K)
n is generated as a group by the classes [b a 1 , . . . , a n ] with a 1 , . . . , a n ∈ K 2 and b ∈ K × . Trivially, the ideal I t K · I n−1 K is generated as a group by the classes of scaled n-fold Pfister forms [b a 1 , . . . , a n ] with a 1 ∈ K 2 and b, a 2 , . . . , a n ∈ K × . We thus have canonical generators for I n t K, in view of the following deep theorem. 1.1. Theorem (Marshall-Orlov-Vishik-Voevodsky). For every n ≥ 1 one has
In [21, Cor. 1] this was shown under the assumption that in the Milnor ring k * K the annihilator of a symbol is generated by elements of degree one, which was proved in [24, (3. 3)].
We now define two field invariants α and β:
If K is nonreal then I t K = IK and so α(K) = β(K) = sup {n ∈ N | I n K = 0}. The choice of the letters α and β alludes to the Properties (A n ) and (B n ) introduced in [13] . With the terminology and notation of [13] , in view of the above statements on ideal generators we have the following:
The equality relating α and (A n ) relies on (1.1), whereas the equality relating β and (B n ) is far more elementary; see also [5, Sect. 2] . Furthermore, one has α(K) = ν(K) − 1 for the ν-invariant introduced in [13] .
The following statement summarizes the relations that are known among the invariants introduced so far. Note that, if p(K) = ℓ(K) = 2 n−1 + 1 for some n ≥ 1, then it follows from (1.2) that β(K) = n; examples with n ≤ 3 are known, see [5, (7. 3) and (7.4)].
We further consider the (reduced ) stability index, introduced in [9] . This invariant is interesting for the study of real fields and has various characterizations. In Section 4 we revisit some crucial results from [9] on the stability index and explain how to derive these results from our study of real valuations in Section 3 and from Bröcker's 'Fan Trivialization Theorem' from [10] , cited in (4.3) below. In contrast to [9] we do not use henselizations. In particular, in (4.5) we obtain a consequence of Bröcker's 'Global Stability Formula' [9, (3.19) ] in a way that is appropriate for our applications, such as (6.8) below. In (4.1) we give the characterization of the stability index of K as
which can be considered as a definition for the rest of the introduction. The following theorem, pointed out in [18, Prop. 1] as a consequence of earlier results, relates the stability index to the invariant α.
For an exposition of the elementary but technical proof, see [11, Sect. 35 .B] or [6] . In Section 5 we consider the situation of a valued field and use the residue homomorphism relating the Witt rings of the field and the corresponding residue field, and we provide lower bounds for the invariants under discussion. In the last two sections we apply these bounds to determine the invariants for special types of fields. In Section 6 we discuss the situation of a rational function field. With (6.8) below we obtain a proof of the following statement.
In Section 7 we consider special extensions of a real closed field R. For a finitely generated field extension F/R of transcendence degree n, we see in (7. 2) that α(F ) = β(F ) = n, and further st(F ) = n when F is real. Considering a field that is obtained from a real closed field by an iteration of power series field extensions and further one rational function field extension, we have a situation where all invariants under discussion here can be determined.
1.6. Theorem. Let R be a real closed field, m, n ∈ N with m ≤ n, and
The proof of (1.6) will be achieved in (7.3) . From (1.6) we see in particular that there is no general upper bound on α(K) in terms of β(K).
Fans and pythagorean fields
The set of all orderings of K is denoted by X K . For a preordering T of K we write T × = T \ {0}, which is a subgroup of K × , and X T = {P ∈ X K | T ⊆ P }. We use the notation ±S = S ∪ −S for S ⊆ K.
Fans were introduced by Becker and Köpping in [8] ; see also [19, Chap. 5] . They are characterized by the following proposition.
2.1. Proposition. Let T be a preordering of K. The following are equivalent:
(i) For any subgroup H of K × of index 2 containing T × and with −1 / ∈ H, the set H ∪ {0} is an ordering of K.
(ii) For any subgroup H of K × containing T × and with −1 / ∈ H, the set H ∪{0} is a preordering of K.
, and the equality |X T | = 2 n−1 is equivalent to any of the conditions (i)-(iii). A fan in K is a preordering T of K for which the equivalent conditions (i)-(iii) in (2.1) hold. For a fan T we put deg T = dim By a 2-extension we mean an algebraic extension L/K such that, for any α ∈ L there exists r ∈ N and intermediate fields K 0 , . . . , K r such that K 0 = K, α ∈ K r , and K i /K i−1 is a quadratic extension for i = 1, . . . , r. It follows from [19, (5.19) 
is a fan in L for any real 2-extension L/K. We will need a special case of this fact, contained in the following statement.
2.3. Proposition. If K is nonreal with two square classes, then any finite 2-extension of K has two square classes. If K is real pythagorean with four square classes, then any finite real 2-extension is pythagorean with four square classes and any finite nonreal 2-extension has two square classes. Proof: Let R denote the real closure of K with respect to P . Fix an irreducible 2.5. Corollary. Let L/K be a finite extension of odd degree such that every real quadratic extension of L is pythagorean. Then every ordering of K extends uniquely to L.
Proof: Let P be an ordering of K. Let T be the preordering of L generated by P . By (2.4) X T is finite of odd cardinality. By the hypothesis and (2.2), L 2 is a fan in L. Then also T is a fan in L. Hence, |X T | is a power of 2, by (2.1). We conclude that |X T | = 1.
The field K is said to be hereditarily pythagorean, respectively, hereditarily euclidean, if K is real and if every finite real extension of K is pythagorean, respectively, euclidean. 
Real valuations
We collect some facts about ordered abelian groups and valuations. More details can be found in [15] . For any ring R we denote by R × the multiplicative group of invertible elements in R. Given a valuation v on K, we write O v for the corresponding valuation ring, m v for its maximal ideal, κ v for the residue field O v /m v , and Γ v for the value group, which is naturally isomorphic to
We say that a valuation is real or nonreal, respectively, if the residue field has this property. We say that a valuation is dyadic if its residue field has characteristic two. We will only be interested in non-dyadic valuations. Real valuations are non-dyadic. 
Moreover, the places (residue maps) corresponding to v, v ′ , and v are compatible in the sense that, identifying
Given a valuation v on K, we denote by Σ v the subset of Γ v of elements of the form ±v(x) with 0 = x = x 2 1 + · · · + x 2 r for some r ≥ 1 and x 1 , . . . , x r ∈ O v with v(x 1 ) = 0. We set rk 2 (v) = dim F 2 (Γ v /2Γ v ) and call this the 2-rank of v. Hence, rk 2 (v) = 0 if and only if Γ v = 2Γ v , that is, if and only if Γ is 2-divisible. We set nrk 2 (v) = dim F 2 v( K 2 )/2Γ v and call this the nonreal 2-rank of v. 
As Σ v is the value group of v, this shows that nrk 2 (v) = rk 2 (v). Obviously, if v is real, then K is real and Σ v = 0 by (3.1). Assume now that K is real. Then for r ≥ 1 and
If v is nonreal, however, any of the inclusions may be or not be strict. For example, there is a valuation on K = R(X, Y ) with residue field C and value group Γ v equal to Z × Z with the lexicographic order and where 2Γ v v( K 2 ) Γ v . By contrast, in (5.3) below we give an example where K = R, κ v is nonreal and Γ v is divisible, implying that v(
The following is a slight strengthening of [9, (3. 2)].
3.4. Lemma. Let Γ be a torsion free abelian group and ∆ ⊆ Γ a subgroup such that Γ/∆ is a torsion group. Then for n ≥ 1, we have |Γ/nΓ| ≤ |∆/n∆|, with equality holding if Γ/∆ is finite.
Proof: Let n ≥ 1. Note that |Γ/nΓ| · |nΓ/n∆| = |Γ/n∆| = |Γ/∆| · |∆/n∆|. Assume first that Γ/∆ is finite. Then the natural surjection Γ/∆ −→ nΓ/n∆ induced by multiplication by n is an isomorphism as Γ is torsion free, hence |Γ/∆| = |nΓ/n∆| and thus |Γ/nΓ| = |∆/n∆|. In the general case, for any r ∈ N with r ≤ |Γ/nΓ|, the subgroup Γ ′ of Γ generated by ∆ and representatives of r distinct classes in Γ/nΓ is such that Γ ′ /∆ is finite, which implies that r ≤ |Γ ′ /nΓ ′ | = |∆/n∆| by the previous case. Therefore we have |Γ/nΓ| ≤ |∆/n∆| in general.
To see that the inequality in (3.4) may be strict when Γ/∆ is not finite, one may take Γ = Q and ∆ = Z.
For a field extension L/K we denote by td(L/K) the transcendence degree.
3.5. Proposition. Let L/K be field extension and v a valuation of L. Then
we may thus conclude the claimed inequality by induction on td(L/K), whereas it trivially holds if td(L/K) = ∞.
Stability index, valuations, and fans
We define the stability index of K as
Note that st(K) = 0 if and only if K is either nonreal or uniquely ordered.
It follows from [10, (2.11) ] that this definition of the stability index is equivalent to the original definition in [9] and therefore to the definition given in (1.3).
Theorem (Bröcker). We have st(K)
= inf{r ∈ N | I r+1 K = 2I r K +I r+1 t
K}.
Proof: The original proof in [10, (2.11)] involves valuations. A proof independent of valuation theory is contained in [22, Sect. 6 ].
In the remainder of this section we discuss the characterization of the stability index in terms of valuations, relying on Bröcker's 'Fan Trivialization Theorem' from [10] cited in (4.3) below, and we retrieve some crucial results from [9] .
The following is implicit in [9, (3.3) and (3.18)].
Furthermore, if T is a fan, then so is S. From this, the claim follows.
A preordering T of K and a valuation v on K are said to be compatible with each other if 1 + m v ⊆ T ; this is equivalent to saying that {x | x ∈ O × v ∩T × } ∪{0} is a preordering of κ v , then denoted by T v and called the preordering induced by T ; note that in this case we have [K × :
. Note that our notion of 'compatibility' corresponds to 'full compatibility' in the terminology of [19, Sect. 3] . If a fan T in K is compatible with a valuation v on K, then T v is a fan in κ v , and as [K × : 
Proof: Let T be a fan of K with deg T = st(K). By (4.3) T is compatible with a valuation v on K such that the induced fan T in κ v is trivial. With (4.2) we obtain that deg
We come to a characterization of the stability index in terms of valuations. It can also be derived from Bröcker's 'Global Stability Formula' [9, (3.19) ], which characterizes the stability index of a field in terms of henselizations. 4.5. Theorem (Bröcker) . Assume that K is real. Let N be the set of natural numbers n with the property that any real valuation v on K satisfies rk 2 (v) ≤ n and, furthermore, rk 2 (v) = n only if κ v is uniquely ordered. Then st(K) = inf N.
Proof: For a real valuation v on K we have rk 2 (v) ≤ st(K) − st(κ v ) by (4.2), so that either rk 2 (v) = st(K) and κ v is uniquely ordered, or rk 2 (v) ≤ st(K) − 1. Hence, either st(K) = ∞ or st(K) ∈ N, showing that inf N ≤ st(K) in any case. Suppose now that inf N < st(K). Then there exists n ∈ N and a fan T in K with deg(T ) = n + 1. By (4.3) T is compatible with a real valuation v on K such that the induced fan T in κ v is trivial. Then rk 2 (v) ≥ deg T − deg T ≥ n. Moreover, if κ v is uniquely ordered, then deg T = 0, so that rk 2 (v) ≥ deg T = n + 1. This contradicts the fact that n ∈ N.
As an illustration of the applicability of (4.5) we recover [9, (4.8)]:
Corollary (Bröcker). For any field extension
Proof: By (3.5) we have rk 2 (v) ≤ rk 2 (v| K ) + td(L/K) holds for any valuation v on L. In view of this, the statement follows from (4.5).
Assuming that st(K) = n, it follows from (4.5) that K carries a real valuation v with rk 2 (v) ∈ {n − 1, n}. However, for r ∈ {n − 1, n} we can not say that a real valuation v on K with rk 2 (v) = r will exist, as the following results show.
4.7.
Example. Let r ∈ N and K = Q( √ 2)((t 1 )) . . . ((t r )). Then we have rk 2 (v) ≤ r for any real valuation v on K. However, K 2 ∪ {0} is a fan of degree r + 1 in K, in particular st(K) = r + 1. See also (7.1) for another argument.
Given an ordered group G and a field k we denote by k((G)) the field of formal power series as defined in [15, (3.5.6)], whose elements are formal sums x = γ∈G x γ t γ with (x γ ) ∈ k G whose support {γ ∈ G | x γ = 0} is well-ordered, with field operations defined in the obvious way. The elements of k((G)) whose support is contained in the nonnegative part of G form a valuation ring denoted k[[G]], which is henselian.
We are grateful to A. Prestel for providing us with the following observation.
Proposition. Let G be an archimedian ordered group and K = R((G)). Then R[[G]
] is the only nontrivial valuation ring of K with a real residue field. In particular, st(K) = dim F 2 G/2G. 
By an appropriate choice of G in (4.8), we obtain for any n ∈ N a field K carrying a unique nontrivial real valuation v and such that st(K) = rk 2 (v) = n.
Residue homomorphisms
Let v in the sequel denote a non-dyadic valuation on K. By [17, (3.1)], there is a unique group homomorphism
such that ∂ v ut 2 = u for any t, u ∈ K × with v(u) = 0, and ∂ v y = 0 for any y ∈ K × with v(y) / ∈ 2Γ v . Given a form ϕ over K, we write ∂ v (ϕ) instead of ∂ v ([ϕ]). We say that ϕ is v-balanced if ϕ = x 1 , . . . , x m with m ∈ N and
this does not depend on the diagonalization, and we have m = dim(ϕ) ≤ 2 rk 2 (v) . In the sequel, let r, n ∈ N. There exists a v-balanced n-fold Pfister form over K if and only if n ≤ rk 2 (v). Moreover, there exists a v-balanced totally positive n-fold Pfister form over K if and only if n ≤ nrk 2 (v). Furthermore, any n-fold Pfister form over K is of the shape a 1 , . . . , a n with a 1 , . . . , a n ∈ K × such that a i ∈ O × v for rk 2 (v) < i ≤ n. 5.1. Lemma. Let a 1 , . . . , a n ∈ O × v be such that a 1 , . . . , a n over κ v is anisotropic. Then ϕ ⊗ a 1 , . . . , a n is anisotropic for any v-balanced form ϕ over K.
Proof: Let ψ = a 1 , . . . , a n . By the hypothesis, ψ is anisotropic over K and
For x ∈ R we use the notation ⌊x⌋ = max {z ∈ Z | z ≤ x}.
is odd, and nrk 2 (v) = 0.
Proof: Let κ = κ v and O = O v . Let ρ be an anisotropic torsion form of even dimension over κ. Then ρ is Witt equivalent to a sum of torsion binary forms over κ, which can be written as b 1 
Let ϕ be the anisotropic part of the form b 1 1, −s 1 ⊥ · · · ⊥ b n 1, −s n over K. Note that ϕ is a torsion form and that dim(ϕ) ≥ dim(ρ), as ρ is the anisotropic representative of the class ∂ v,1 (ϕ) in W κ. For any r ≤ rk 2 (v) there is a v-balanced r-fold Pfister form π over K, and then ψ = π ⊗ ϕ is an anisotropic torsion form over K with dim(ψ) = 2 r dim(ϕ) ≥ 2 r dim(ρ). This shows that
. Assume now that either K is nonreal or nrk 2 (v) > 0. We choose a v-balanced torsion r-fold Pfister form π as follows. If K is nonreal, any v-balanced r-fold Pfister form over K is torsion. If nrk 2 (v) > 0, then 2Γ v( K 2 ), so we choose a 1 ∈ K 2 and a 2 , . . . , a r ∈ K × such that the classes of v(a 1 ), . . . , v(a r ) in Γ/2Γ are F 2 -independent, and put π = a 1 , . . . , a r . Now, for an arbitrary anisotropic form ϕ over κ, we choose b 1 , . . . , b n ∈ O × such that ϕ = b 1 , . . . , b n , and then π ⊗ b 1 , . . . , b n is an anisotropic torsion form over K. Therefore, the assumption implies that u(K) ≥ 2 rk 2 (v) · u(κ). Consider n, r ∈ N with n ≤ ℓ(κ) and r ≤ nrk In either case we conclude that ℓ(K) ≥ 2 r n. As this holds for all n ≤ ℓ(κ) and r ≤ nrk 2 
The 'integral part function' cannot be omitted in the lower bound for the uinvariant in (5.2) , as the next example shows.
5.3.
Example. Let K be a real closed field and v be any extension of a p-adic valuation of Q to K for an odd prime number p. Then the residue field κ v is algebraically closed, so u(κ v ) = 1. On the other hand, K is real pythagorean, so u(K) = 0. The value group Γ v is divisible, so rk 2 (v) = 0. Hence, we have
n is generated as a group by the elements [c a 1 , . . . , a n ] with c ∈ K × and a 1 , . . . , a n ∈ O × v ∩ K 2 . This yields the statement. 5.5. Proposition. Let n, r ∈ N with n ≥ 1. Let π be a v-balanced r-fold Pfister form over K.
Proof: The ideal I n κ v is additively generated by the elements [a 0 a 1 , . . . , a n ] where a 0 , . . . , a n ∈ O × v . Similarly, (I t κ v ) n is additively generated by the elements [a 0 a 1 , . . . , a n ] where a 0 ∈ O × v and a 1 , . . . , a n ∈ O
Finally by (1.1), I n t κ v is additively generated by the elements [a 0 a 1 , . . . , a n ] with a 1 ∈ K 2 ∩O × v and a 0 , a 2 , . . . , a n ∈ O × v . Using these generators, the statements easily follow.
Proof: For any r ≤ nrk 2 (v) there exists a totally positive v-balanced r-fold Pfister form π over K. Hence, the statement follows from part (c) of (5.5).
n+r K is additively generated by the elements [a 0 a 1 , . . . , a n+r ] with a 0 , . . . , a r ∈ K × and a r+1 , . . . ,
The converse inclusions follow from parts (a) and (b) of (5.5) applied to an arbitrary v-balanced r-fold Pfister form π over K.
Proposition.
Assume that v is real and κ v is not pythagorean. Then we
Proof: By the hypotheses we have α(κ v ) > 0. Consider r ∈ N with r ≤ rk 2 (v) and choose a v-balanced r-fold Pfister form π over K. Applying part (b) of (5.5), it follows that
This shows the first part of the statement.
To prove the second part, suppose m = n + r where 1 ≤ n ≤ α(κ v ) and 1 ≤ r ≤ rk 2 (v). Then I 
Note that (5.8) and the second part of (5.7) depend on the deep result (1.1).
Rational function fields
We study the special case of a rational function field K(X).
6.1. Proposition. For F = K(X) we have the following inequalities: by (3.3) , the estimates now follow from (5.2).
6.2. Remark. For any finite real extension L/K we obtain that ℓ(K(X)) ≥ ℓ(L), but this does not seem to be as useful as the second estimate in (6.1).
The following general facts will be needed in the comparison of the invariants α and β and the stability index for a rational function field in (7.2) below. 6.3. Lemma. Any form that is Witt equivalent to a difference of two totally positive forms is isometric to a difference of two totally positive forms.
Proof: If ϕ 1 and ϕ 2 are totally positive forms over K and ϕ 1 ⊥ −ϕ 2 is isotropic, then there exists an element a ∈ D K (ϕ 1 ) ∩ D K (ϕ 2 ), and writing ϕ i = ψ i ⊥ a for i = 1, 2, also ψ 1 and ψ 2 are totally positive and [
This reduction argument readily yields the result.
n is generated as a group by the differences of totally positive n-fold Pfister forms over K. Moreover, any form in (I t K)
n is isometric to a difference of two totally positive forms.
Proof: By [4, (4. 2)], we have in general that (I t K) n is generated as a group by the elements [a(π 1 ⊥ −π 2 )] with a ∈ K × and totally positive n-fold Pfister forms π 1 and π 2 over K. Proof: Since I 3 t K = 0, we have in particular IK · (I t K) 2 = 0. Hence, (6.4) implies that for any a ∈ K × and r ∈ K 2 we have a, r = s, t for some s, t ∈ K 2 , and thus a 1, −r represents an element of D K s, t ⊆ K 2 .
6.6. Lemma. Assume that there exists
for any proper finite extension L/K. Then K is hereditarily pythagorean with four square classes, any finite extension of K is a 2-extension, and I 3 t K(X) = 0. Proof: It is immediate from the assumption that K is real and has no proper finite extension of odd degree. Thus every finite extension of K is a 2-extension.
, there exist orderings P and Q on K with a, b ∈ P and −a, b ∈ Q, and since both extend to K(
2 ; in view of the assumption, this is only possible if K(
3) we conclude that any finite real extension of K is pythagorean with four square classes and any finite nonreal extension of K has two square classes. In particular K is hereditarily pythagorean. Since I 
Proof: Obivously, a, 1 + X 2 is a torsion 2-fold Pfister form and thus lies in I 2 t K(X). To show that a, 1 + X 2 does not belong to (I t K(X)) 2 , we may enlarge K while maintaining that a / ∈ ± K 2 . Applying Zorn's Lemma, we may therefore reduce to the situation where a / ∈ ± K 2 , whereas a ∈ ± L 2 for any proper finite extension L/K. Then (6.6) implies that I Suppose now on the contrary that a, 1 + X 2 ∈ (I t F ) 2 . Then (6.4) applied with n = 2 yields that a, 1 + X 2 is a difference of two totally positive forms over F . It follows that a,
, we conclude that a is a sum of 2 squares in F ( −(1 + X 2 )). In other words, the 2-fold Pfister form −1, a becomes hyperbolic over F ( −(1 + X 2 )). Note that F ( −(1 + X 2 )) is K-isomorphic to the function field of the projective quadric given by the form 1, 1, 1 over K. Using [20, Chap. X, (4.9)] it follows that the form −1, a over K is either hyperbolic or contains 1, 1, 1 as a subform. This implies that a ∈ ± K 2 , contradicting the hypothesis.
The following theorem extends and generalizes the well-known characterization of hereditarily euclidean fields via the rational function field. 6.8. Theorem. Assume that K is real and let F = K(X). For n ≥ 1 the following are equivalent: It remains to show (iv) ⇒ (v). Assume that I n+1 t F = (I t F ) n+1 . For any finite real extension L/K, as L is the residue field of a Z-valuation on F , it follows by (5.8) applied with m = n + 1 that α(L) < n, hence I n t L = 0. Assume first that n = 1. Then K is hereditarily pythagorean. As K is uniquely ordered by (6.7) it follows that K is hereditarily euclidean by (2.6). Hence, L is uniquely ordered and thus st(L) = 0.
Let now n > 1. Consider a real valuation v on K. Let v denote the extension of v to a valuation on F = K(X) determined by the equation
for r ∈ N and a 0 , . . . , a r ∈ K. Note that κ v = κ v (X) and
view of the assumption and (5.4). It follows that rk 2 (v) ≤ n − 1, as otherwise there would exist a v-balanced n-fold Pfister form π over F and then
by (5.7) and (5.4), and the implication proven already for n = 1 yields that κ v is hereditarily euclidean. Let L/K be a finite real extension. The residue field of a valuation on L is a finite extension of the residue field of its restriction to K. Hence, by the previous, for any real valuation w on L, one has rk 2 (w) ≤ n − 1 and, if rk 2 (w) = n − 1, then the residue field κ w is euclidean. By (4.5) this shows that st(L) < n. 6.9. Remark. In [4, (4.5)] we asked whether any real field F with I 2 t F = (I t F ) 2 has Property (S 1 ) introduced in [14] , namely that every torsion binary form over F represents a totally positive element. In the case where F = K(X), we see from (6.8) and [4, (3.8) ] that both are equivalent with K being hereditarily euclidean.
Function fields and power series fields
The following statement describes the behavior of our field invariants under a power series extension. Proof: We may assume that n > 0. We fix a valuation on F with value group Z and whose residue field a finite extension of R( √ −1)(t 1 , . . . , t n−1 ). Combining it with a valuation on the residue field with value group Z n−1 , we obtain a valuation v on F with nrk 2 (v) = n. Therefore u(F ) ≥ 2 n and ℓ(F ) ≥ 2 n by (5.2), and further n ≤ β(F ) ≤ α(F ) ≤ α(F ( √ −1)) by (5.6) and (1.4). If F is real, then by [9, (4.5) ] F further carries a valuation w with residue field R and value group Z n , and it follows that n = rk 2 (w) ≤ st(F ) ≤ α(F ( √ −1)) by (1.4). As R( √ −1) is algebraically closed, it follows using [25, Chap. 5, (1.4)] that F ( √ −1) is a C n -field in the terminology of Tsen-Lang Theory, in particular u(F ( √ −1)) ≤ 2 n . This implies that α(F ( √ −1)) ≤ n, which finishes proving (a) and (b). In particular, if n = 1, then α(F ) = β(F ) = 1, which is equivalent to saying that u(F ) = ℓ(F ) = 2, showing (c). Finally, by [5, (6. 1)] and [3] , the upper bounds in part (d) follow from the fact that u(F ( √ −1)) ≤ 2 n .
7.3. Theorem. Let m, n ∈ N with m ≤ n and Proof: Using (7.1) we immediately reduce to the case where m = n and thus F = R((t 1 )) . . . ((t n−1 ))(t n ). Then F is a rational function field in one variable over the field K = R((t 1 )) . . . ((t n−1 )), which is hereditarily pythagorean. Hence, t 1 ) ) . . . ((t n−1 ))(t n ) is a C n -field in the terminology of Tsen-Lang Theory. In particular, u(F ( √ −1)) ≤ 2 n and thus α(F ( √ −1)) ≤ n. As p(F ) = 2, using [2, (3.5)] and [5, (6. 3)] we obtain that u(F ) ≤ u(F ( √ −1)) ≤ 2 n and ℓ(F ) ≤ u(F ( √ −1)) ≤ 2 n . Let v be the K-valuation on F = K(t n ) associated to the polynomial t 2 n + 1. Since κ v = C((t 1 )) . . . ((t n−1 )) we have u(κ v ) = ℓ(κ v ) = 2 n−1 , hence u(F ) ≥ 2 n and ℓ(F ) ≥ 2 n by (5.2). Hence, ℓ(F ) = u(F ) = u(F ( √ −1)) = 2 n . Furthermore, as F carries a real valuation with value group Z n , we have st(F ) ≥ n by (4.2). Therefore st(F ) = α(F ) = β(F ) = α(F ( √ −1)) = n.
